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which has the alternate form

- •AW (KUA 4 ,M)' A (28b)

vhvre 1 t4 the W-by- identity matrix. Thus. as the number of measurements

&"rva*#* to the limit. there results from equation (28a)

It X . 0. (29)

IA the rawdom-parmvter ca**. the total information matrix is obtained by
4sppa 4iAg tahe inerve iatri*& RA- , which represents prior knosledge, to the

intormatton matrix for tie noeranako ML paraueter estimator. Accordingly.1

Jt T
A - (30)

WI iCA P1o*de1 l6 ow ,iwarae matrix bound

J, It SAN (NA 14 I), HRA

* S . - IL(31)

fhofrg.t . bw Imer boud on oe variance of an unbiased MSE estimator
,* *4lttiu o l W. t .limtor of the a-th polynomial coefficient, &(n).

* i.s ' W~istiod by low eOullr.

$0, TW Mt(CO ,fW i POL" IO4AL

I* tmi. _e ic. lira iq unt swcod-order pol}itomial model

* a(1)% ()i (0 q a - L) (33)

* c*AiP*" io detail il fwfl'et to the estimation of the coefficients a(l)
. (a*). f eTli ieti erorm variance and corfTspofldinj lover variance bound
,ste elIn l vitN tSPC a to the mfr of spatial-sie points x1 ,x2 , ....

sq .eilale d R. tow OOer of tinie-siile points.

A* V psiltiuIl s.lIe p ints *o assuied to be uniformly spaced over
the iaterrI (0.L) at
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- L , m = 1,2, * *,M . (34)

14. £# , 't. taamtion case, the midpoint-distortion estimator has variance,
Wos* 6101.*.IU (IS) and (18),

i* i I tL- p(L) [ RL[ P(L) (35)

2 K M(M + 1)(M - 2)(3M2 - 3M + 2)

'*) plbu)ameasuurent data. In a similar manner,

YML( M+l (37)

t. , e aur.~ m t data. The midpoint-distortion estimator is a linear
,t s~&~ Of the ML polynomial coefficient estimators, which individually
i so" At'a to reach the so-called Cramer Rao (CR) lower variance bound.
M., lw dtoloion ML estimator also performs at the CR lower bound on vari-

A* V? *estimator, 4, allows the covariance matrix, RMAp, to be

-woo**" e licitly in terms of the measurement variance a2 and the param-
&"o% * *i 9. In particular, the MAP midpoint-distortion estimator, using
*ttow' *v e ts, is given by

t'o/., rpL kr 2-M22
16 02 o2 I3

2  2M - (M +2 2 2M - 1 t222(8
L M - 1 T. _2 22M

- pK, U3$ * -9--l + prK(LM2 )  1i

4ne~ o # coefficient covariance matrix RA is defined as

ItP[ - fI 0 (39)

n* "wl tepemdlag variance using amplitude measurements is more complicated
M. thelefe e. provides little additional insight into critical parameter
*p kmlc*ee. It is, therefore, not included here.

Ie sawmtivity of the ML estimator to measurement bias error for the
MtOWqetuei system is of particular interest. From equation (24), the addi-
tjqW mS to.tribution for the midpoint distortion due to an uncompensated
Smmm bias vector, b, is

" m . .. -'- I -I
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2 ) (HTH)1HTbI2 (40)
YML 2 )

The first type of bias considered is termed "single-point bias," wherein

bT = [0 . . . o b 0 . . O] , (41)

such that only the m-th element in the bias vector is nonzero with bias b.
For the slope-measurement case, the resulting bias variance in the distortion
estimator is

02 [~3bL(M - 2M +. 1)12 (2yMLI-2Jb =L 4M(M + 1) 1 (

The corresponding sensitivity of the standard deviation to the bias is, there-
fore,

(a L)b
yMb [ 135L ]- 2 + 11 units of length (43)

ab (M +" 1) m degree (

An examination of equation (43) indicates that the least degrading region
for single-point bias errors to occur is near the center of the measurement
aperture. In fact, for the point m = (M + 1)/2, the error is precisely zero.
On the other hand, single-point bias errors near the measurement aperture
extremities are most degrading. Clearly, having a large number of sensors
serves to reduce the single-point bias errors by averaging.

The second type of bias error is referred to as "uniform bias," wherein

b T = b[l 1 . . . (44)

that is, all heading-angle measurements are equally biased by an amount b. In
this instance, it is straightforward to show that the bias MSE from equation
(40) is

a 2~ 0 (45)
YML 2)

for the slope-measurement process. This result shows that if equal bias exists
in the slope measurement at all M measurement points, the net effect in terms
of estimating the quadratic component of polynomial shape distortion is zero.
Obviously, an error would occur in estimating the linear (rotational) compo-
nent of the polynomial shape. This rotational error is linearly related to
the bias angie b. Finally, if all M of the slope-measurement sensors have a
random error, bm; m = 1,2,... ,M, which are zero mean, uncorrelated, and iden-

tically distributed with variance ab, then, by superposition, equation (42)
yields

02

vM 2b 1 M* " (46)

9
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Notice the similarity between the unbiased ML estimator variance of equa-
tion (37) and the result in equation (46). However, the bias error is not
reducible by time averaging because it is a static bias.

6.0 NUMERICAL RESULTS

Simple variance expressions for the polynomial midpoint-distortion esti-
mators are difficult to obtain for polynomials of order N > 3. Accordingly,
in this section, some numerical results are presented that illustrate the
dependence of the midpoint-distortion estimator standard deviation on the num-
ber of equally spaced measurement (sensor) points M, which are uniformly dis-
tributed at points xm = (m - I)L/(M - 1), m = 1,2,...,M, and the order of the
polynomial N. For the MAP estimator, the prior knowledge, which consists of
the polynomial-coefficient covariance matrix, is given by

3.637 x 10- 5  0 0

R A = 4.4 X 1013 0 (47)

0 2.0 x 10- 18

The estimator standard deviation versus number of measurement points, M,
for both Cartesian (amplitude-) and slope-measurement data fitting are pre-
sented in figures 1 and 2, respectively. A single time sample, K, is assumed.
The measurement noise variances assumed are

oF= 1.0 mn2

for Cartesian measurements and

02 = 0.228 x 10- 5 (radians)2
2

for slope measurements.

A general observation f.om these results is that the order of the fit
polynomial should be as low as possible while remaining consistent with the
underlying physical process being modeled. The ML process degrades less rap-
idly with increasing polynomial order than the MAP process, at least for the
covariance matrix given in equation (47). These qualitative statements are
quantified by the results presented in figure 3 for Cartesian (amplitude)
measurement data and figure 4 for slope measurements. For both estimators,
as the number of measurement points, M, increases, the variance decreases.
Both estimates, in fact, are asymptotically equivalent as either the number of
measurement points, M, or the number of time samples, K, becomes infinite.

10
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